5. SURDS AND LOGARITHMS

A. Surds

1. Introduction

A surd is an irrational number. In general, if x is rational, n is positive integer and if Q/; is irrational, then
'\1/; is called a surd of n power. Here x is called radicand, Q/; is called radical sign and the index ‘0’ is
called order of the surd. '\‘/; is read as n™ root of x and can be written as x*/" i{‘/; are called simple surds.

If it is a surd of n™ order, then
(i) When n =2, it is called quadratic surd.
(i) When n = 3, it is called cubic surd.
When n = 4, it is called biquadratic surd.

Note: - Every surd is an irrational number but every irrational number is not a surd. So the representation

of monomial surd on a number line is same that of irrational numbers.

e.g.

(i) isasurd and e is irrational number (ii) nis an irrational number but it is not a surd

2. Types of Surds
(i) Pure Surd:
A surd which has unity only as rational factor the other factor being irrational is called Pure Surd.
eg V2,33, 94,45
(ii) Mixed Surd:
A surd consisting of the product of a rational and irrational is called Mixed Surd

e.g., 5\/§ , \/E ,and if a is rational number and not equal to zero and Q/B is a surd, then aQ/B ,

are mixed surd. If a = 1 they are called pure surd. Mixed Surd can be written as Pure Surd.
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5.2 Surds and Logarithms

(iii) Compound Surd:
A surd which is the sum or difference of two or more surds is called Compound Surd.
eg,2+33,1442 -3

(iv) Monomial Surd: A surd consisting only one surd is called Monomial Surd.

e.g.,3\/§,5\ﬁ

(v) Binomial Surd: A compound surd consisting of two surds is called a Binomial Surd.
e.g. V2433347
(vi) Trinomial Surd: A compound surd consist of 3 surds is called Trinomial Surd.

e.g.\ﬁ+\/§—\/§,3 \/§—4\/§ —2\/ﬁ

(vii) Similar Surds: If two surds are different multiples of the same surd. They are called Similar Surds
otherwise they are Dissimilar Surds.

e.g. 22 , 542 are similar surds and 3 \/5 , 6 \E are dissimilar surds
(viii) Conjugate Surd: Two conjugate surds which are differ only in signs (+/-) between them
e.g,a+ b anda— b are Conjugate Surds. Sometimes conjugate and reciprocal are same

e.g., 2 — /3 is conjugate of 2 + \/5 and reciprocal of 2 — \/5 is 2 + \/§

3. Rationalization of Surds

The process of converting a surd to a rational number by multiplying it with a suitable Rationalising
Factor.

3.1 Rationalising Factor

When the product of two surds is a rational number, then each surd is called Rationalizing Factor
(R.F)

e.g.,(x/g + \/5)(\/5— \/E) =3 — 2 =1 which is rational
3.1.1 R.F. of Monomial Surd

-3
One of R.E of a/™is g* "

e.g., 5’ and 5% are Rationalising Factor of each other

3.1.2 R.F. of Binomial Surd
R.E of(a+\/6) is (a — \/E) and that of Va- b is Va+ b .

3.1.3 R.F. of Trinomial Surd

RE of |(vVa+b )| is |(Va+b) + Ve |
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Foundation for Mathematics 5.3

4. Some Important Results

(i) Ifa+ \/E =Cc+ \/a where a, c are rational number and \/E , \/a are surds, thena=cand b =d
(ii) Ifa, b, Va? —b are positive rational numbers and \/B is a surd, then

(iii) Ifa, b, ¢, d are positive rational numbers and Jb, e, /d are surds then

bd bc cd
b d=4|-— 4/— 4,2
\/a+f+ﬁ+f 4C+ 4d+ b

(iv) 5\/a+k\/_: 4b” +k —b+\/E

5
(v) 3ya+byc :4/% +c

(vi) 3a+3b isaRE of a2 —a b"? 4+ b?? and vice versa
(vii) ¥a=3o is R.E of a2 + a3 b + b*? and vice versa
(viii) (a+ \/B)Xz_k +(a-— \/B)Xz_k =2a,a’-b=1 =x=xvk=*1

5. Algebra of Surds

5.1 Law of Surds and Exponents

Ifa>0,b>0and n is a positive rational number then

1 n
(1) (Q/g) :(a“J =a
(ii) Va x Yo = Yab [Here order should be same]
(iii) Ya + b = n%
(iv) W ="Va = a
v) Va = nXE)/ai"’ , r\‘/aT’ =a”" or, @ = nX{)/amXp =1 F3/(am)p [Important for changing order of

surds]

i (l_'_lj m+n
(Vl) %Xg/;zamxaa n) _ 4 mn :mn/am+n

‘m 1 1 n—m
(vii) ryf; = prery
n 1
a 2
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5.4 Surds and Logarithms

1
(viii) Ifa" = b then a=b" = a=%b

() Yam —an

5.2 Comparison of Surds
If two surds are of same order then one whose radicand is larger is the larger of the two or if

x>y>0andn>lis+Veintegerthenr\‘/; > W

e.g., 319 >313, 18 <93
g

5.3 Identification of Surds

(i) ‘\‘/E is a surd as radicand is a rational number.
Similar examples é/g, A\‘/ﬁ, E/;, \/ﬁ,

(ii) J3+1 isasurd (as surd + rational number will give a surd)

Similar examples 3.2 ,2 3 , 33 +1, ...

(iii) V9-4v5 isasurdas 9-4y5 isa perfect square of (2 —\/g) .
Similar examples \/7+4+3,7 - 4/3,49+445,....
1

1

1 l 3
i) i} (5)E is a surd as 3(5)V2)? = {56J =518 ~ 185
Similar examples %/ﬁ ,{‘/% o

(v) These are not a surd:

(a) \/5 =3 is not a surd.

(b) m , because 1+ \/g is not a perfect square.

(c) m , because radicand is an irrational number.
Mlustration 1: If x = 3+3Y3 +3%3, then find the value of x* — 9x? +18x —12.
Sol: ~ x=3+3"2+3%3

— x—-3= 31/3 +32/3

Cubing both sides

(x-3)° =(3" +37° )3

= % 95" + 27x~27 =12-3(3)(x~3) _since 3" +3%° = x-3]

= x> -9x* +18x-12=0
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Foundation for Mathematics 5.5

Mlustration 2: If 8 =m, a¥ =n and a? = (mY.n*)* then find the value of xyz.
Sol: Given a = (mY.n*)?

= a’ =[@).(@) [-.m=a",n=2a']

= a’=[aY.aY]

= a’ =[a®Y]

I R

Here base is same

Hence 2 = 2xyz = xyz = 1.
Hlustration 3: Simplify 33 x42.
Sol: LCM of 3 and 4 is 12

33 _34/12_13[4 And V4 _ o312 _1g5s

%/gxf/i=(1234](1€/273j=12/(34)(23) _1f31x8 =%l6as

Illustration 4: Arrange i‘/g%/; and \E in ascending order.
Sol: L.C.M. of 4, 3, 2 is 12.

1 3

Yo =64 =612 = Kle® =216
4

¥7 =75 =712 2127* = R2401
16

J5 =52 =512 :1\2/576:1\2/@

Hence ascending order i.e. ‘\‘/63/;\/5

w |
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5.6 Surds and Llogarithms

B. Logarithms

1. Definition

If @’ is a positive real number, not equal to 1 and x is a rational number such that a*= N, then x

is the Logarithm of N to the base a.
= If a*= N then log N = x. [Remember N will be + vei.e., N = 0]
e.g., 2° = 8 then log 8 = 3

2, System of Logarithms

There are two systems which are general used Napierian Logarithms and Common Logarithms

2.1 Napierian Logarithms

The logarithms of numbers calculated to the base ‘€ are called Natural Logarithms or Napierian

Logarithms. Here “¢” is an irrational number lying between 2 and 3 (Approx value of e = 2.73)

2.2 Common Logarithms

Logarithms to the base 10 are called Common Logarithms.

PLANCESS CONCEPTS

log, , 1=0

log,, 10 =1

log,, 100 = 2

log,, 1000 = 3

log,, 10000 = 4

log,, 100000 = 5

log,, 1000000 = 6

So you can see, the base-10 log of a number tells you approximately its order of magnitude.

This is how logarithms can be very useful. It helps us to convert a large number to a very small
one and at the same time the smaller numbers can be converted to a number which can be

comparable to the bigger ones.

JDLANCESSE www.plancess.com
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Foundation for Mathematics 5.7

USE OF LOGARITHMS IN OUR LIFE

An earthquake is what happens when two blocks of the earth suddenly slip past one another.
The amount of energy released during an Earthquake can be enormous. Richter Scale is
used to study the intensity of the earthquakes. Because of the huge range of the energy
released from the earthquakes, the knowledge of logarithms turns out to be very helpful. In
elementary terms, the Richter Scale is nothing but a base -10 logarithmic scale. This implies
that it describes the energy released in terms of the order of the magnitude instead of its

original value.

* Magnitude wise impact of the earthquakes:

* Magnitude 3 and lower — are almost imperceptible or weak causing no damage

* Magnitude 5 — it can be felt by everyone and can cause slight damage to normal buildings.

* Magnitude 7 — can cause serious damage over larger areas, (depending on the depth of
the epicenter).

* Magnitude 9 and above — Total destruction, severe damage, death toll usually over
50,000.

Uday Kiran G
KVPY Fellow

3. Properties of Logarithms
(i) Logarithms are defined only for positive real numbers
(ii) Logarithms are defined only for positive bases different from 1.

(i) In log,a, neither a nor b is negative i.e., log of (-) ve number not defined but the value of log a
can be negative e.g., 10~ = 0.01, log10 0.01=-2

(iv) log of 0 is not defined as a" = 0 not possible
(v) logof 1 to any base is 0. e.g., log, 1= 0 (. 2°=1)
log of a number to the same base is 1. e.g., log, 4 = 1
Logarithms of the same number to different base have different values. i.e., if m # n then
log a # log a. In other words, if log _a = logna then m = n.
e.g. log216 = logn16 =>n=2, 10g216 # log4 16. Here m # n
Logarithms of different numbers to the same base are differenti.e., ifa # b, then log a # log b.
In other words if log a=log bthena=b
e.g.,log 2 *log 3 -~ a#b
log 2=log y=>y=2"a=b

JDLANCESS‘D www.plancess.com
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5.8 Surds and Llogarithms

4. Fundamental Laws of Logarithms
Logarithm to any base a (where a > 0 and a = 1).

(i) log, (mn) =log m +log n [Where m and n are +ve numbers]
(i) log, (mj =log m - log n

n
(iii) loga™ = m loga

(iv) loga™= Ilog—bm (change of base rule)
og, a

(v) log,axlog.b=log.a

(vi) log,m.log a=1

(vii) If 2" is a positive real number and ‘n’ is a positive rational number, then 2°%" = n

(viii) If @’ is a positive real number and ‘n’ is a positive rational number, then Iogaq n® = %Ioga n
(ix) Iogan m = %Ioga m

Ioga q _ Ioga p

x) p P

(xi) log,m=
log,, a

. mn
(xii) log, v =log,m+log,n—-log,p-log, q

(xiii) €°%* = x
(xiv)log, a < log. a.log, c
1
(xv) log,a= 5'09\/5 a
(xvi) Iogan x™ =% log, x
(xvii)Ifa # 1,a> 0 then log,a=1; log,e=1
(xviii)log,1 =0 (a>0,a = 1)

(xix) logm = loga

5. Graphs of Logarithmic Functions

YA
CASE —1:1Ifa> 1 then log x is an increasing function.
(@) log x<0 for all x satisfying 0 < x < 1 (curve lies below x axis) ) @( a>1
(b) log x=0 forx=1 X 0 /@0 X
(c) log x>0 for x > 1 (curve lies above x axis)
y'y
Figure 5.1
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Foundation for Mathematics 5.9

CASE-1I: If0 <a< 1, then log xisa decreasing function. VA
(@) log x<0 forallx>1 (curve lies below x axis) kleogax, LA
(b) logx=0 forx=1 < (L0) >
4 X' 0 X
(c) log x>0 for all x satisfying 0 < x < 1 (curve lies above x axis)
4
v
Figure 5.2
PLANCESS CONCEPTS
NOTE: 1.x>y = log x> log yifa>1
2.x>y = log x<log yif0<a<1.
Neeraj Toshniwal
AlIR 37, INMO
Hlustration 1: If log (x’y®) = a and log X _b, Find log x and log y.
y
Sol: -+ log (x*y’) = aand log (éj =b
y
w2logx+3logy=a L (1)
And logx -logy=b (2)
Multiply (2) by 2 and subtracting from (1) we have 5 logy = a — 2b; logy = @ _52b
. . . a+3b
Again multiplying (2) by 3 and adding 5 log x = a + 3b; log x =

Illustration 2: Find the value of 7 log (15J + 5 log [ ] + 3 log (81j

24 52 3
Sol: 710g[ j+510g[ J+310g[ ] 7log[ 5j+5log( X3J+3Iog[5X24J

= 7(4log2 —log3 — log5) + 5 (2log5 — 3log2 — log3) + 3(4log3 — log5 — 4log2)

= 28 log2 — 7log3 — 7log5 + 10 log5 — 15log2 — 5log 3 + 12log 3 — 3log5 — 12log2

= 28log2— 27log2 = log2

AJ:)I_ANCESS‘D www.plancess.com
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5.10 Surds and Logarithms

Illustration 3: If log 256 = % then find x.
Sol: log 256 = % = x%5 = 256 = (x)¥=2" =x=20rx=2°

Hlustration 4: Evaluate: 427°9%°,

1 16

Sol:  Given 4771°%° _ 4247095, [ ama] = 164°%  —16x 5=
Hlustration 5: Find x if log, 3+log, 9+log, 729 = 9.
Sol: log, 3+log, 9+log, 729 =9; log, 3+log, 3? +log, 32 -9

log,3+2log,3+6log,3 =9; 9log,3 =9;log3 = g =1
x'=3 x=3

6. Characteristic and Mantissa

The integral part of a logarithm is called characteristic and decimal part is called Mantissa.

To find characteristic:

Casel: If the number is greater than unity and if there are n digits in integral part, then its characteristic

=(n-1)

Case2: If the number is less than unity and if there are n zeroes after decimal (and number starts), then

its characteristic is n+1 [called as Bar (n + 1)].

Note: 6.325 means — 6 + 0.325 whereas — (6.325) means — 6.325.

(i) Iogba:% (i) log, a.log, c.log,b =log, a

e.g. log, x.log, 2.loglog, 3...log, ., n=log, ,, x
1 1 1
+ + =n
log ,(xyz) log (xyz) log ,(xyz)
X y z

e.g 1 4 1 + 1 5
Iogxz (xyz) Iogy2 (xyz) IogZ2 (xyz)

dPLANCESS
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Foundation for Mathematics 5.11

SUMMARY

* Asurd is an irrational number. In general, if x is rational, n is positive integer and if '\1/; is irrational,
then ¥x is called a surd of n* power.

* Rationalizing Factor: When the product of two surds is a rational number, then each surd is called
Rationalizing Factor (R.E)

* Law of Surds and Exponents

Ifa>0,b>0and n is a positive rational number then,

(1) (%)n = r\]/aT‘ = a(ii) Ya x Yo = Yab [Here, order should be same]
() Ya+¥b= @

(i) YWa ="Ya=1a
(i) Ya =", VP =P/ or Yam = "Yamp = Rlamy

[Important for changing order of surds]

O Taxts="da

y R”/S_mm
@) 2 ="V

1
(iii) Ifa” = b then a=b" = a=o

m
(iV) \n’ am = a;
* Comparison of Surds: If two surds are of same order then one whose radicand is larger is the larger
of the two orif x>y > 0 and n > 1 is + ve integer then Q/; > ’Q/;

e If 9 isa positive real number, not equal to 1 and x is a rational number such that a*= N, then x is the
Logarithm of N to the base a.

o Ifa*=Nthenlog N=x.  [Remember N will be + ve i.e., N # 0]

* Napierian Logarithms: The logarithms of numbers calculated to the base ‘¢’ are called Natural
Logarithms or Napierian Logarithms.

* Common Logarithms: Logarithms to the base 10 are called Common Logarithms.
* Properties of Logarithms
(i) Logs are defined only for positive real numbers.

(i) Logs are defined only for positive bases different from 1.
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5.12 Surds and Logarithms

(i) In log,a, neither a nor b is negative i.e., log of (-) ve number not defined but the value of log a
can be negative

Fundamental Laws of Logarithms
Logarithm to any base a (where a > 0 and a=# 1).

(i) log(mn) =log m +logn [Where m and n are +ve numbers]
(ii) loga(m] =log m - log n

n
(i) log m = m loga

log,m

(change of base rule)
log, a

(iv) logm =

(v) log,alog.b=log. a

(vi) log,m.log a=1

(vii) If @’ is a positive real number and ‘n’ is a positive rational number, then a%%" — n

(viii) If ‘2’ is a positive real number and ‘n’ is a positive rational number, then log , n° = EIoga n
@ q

. 1

(ix) Iogan m= EIoga m

logyq _ logyp

x) p P

(xi) log,m=
log,, a

.. mn
(xii) log, a =log,m+log,n-log,p—log, q

logg x

(xiii) e =X

(xiv) log, a < log_a.log, c

(xv) log,a= %Iogﬁ a

(xvi) Iogan x™ =% log, x

(xvii) Ifa = 1,a> 0 then log,a=1; log,e=1
(xviii)log,1 =0 (a>0,a = 1)

(xix) logm = loga
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Foundation for Mathematics 5.13

Graphs of Logarithmic Functions
CASE-I:Ifa>1 CASE-1II: If0 < a < 1, then

Y& YA
y=log,x O<a<1
< Y=log,x a>1’ X 0 "X
X 0 (1,0) X
v
v
y'v
Figure 5.3 Figure 5.4

Characteristic and Mantissa

The integral part of a logarithm is called Characteristic and decimal part is called Mantissa.
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5.14 Surds and Logarithms

SOLVED

log,,6+1

Example 1: Find the value of :
log,, 60

Sol:

EXAMPLES

log,,6+1 log,,6+log,;,;10 log,,(6x10) log,,60 _1

log,, 60 log,, 60 log,,60  log,,60

Example 2: Prove that (log x)* — (log y)* = (log xy) (Iog %J

Sol: (log x)? — (log y)* is in the form (a* — b?)
We know that a> —b?> = (a + b)(a-b)

- (log x)? — (log y)* = (log x + log y) (log x — log y)= (log xy) [Iogij
y

-, (log x)* = (log y)* = (log xy) Iog§

Example 3: If (3.5)" = (0.035)" = 10°, find = -1,
X

y
Sol: (3.5)*=10° =log,. 1000 = x

(0.035)" = 10° =log, 435 1000 =y

11

~- ;Z'Oglooo 3.5-10g3499 0-035 =log,

Example 4: Solve: log (3 + 2log (1 + x)) = 0.
Sol: log (3 + 2log (1 + x)) = log 1

3 +2log (1 +x) =1

2 log(1 +x) =-2

log (1 +x) =-1

log, (1 +x) =-1

=1+x=10"

1 -9

=>x=—-1=—
10 10

Example 5: Solve: 5"°* + x¢> = 50.
Sol: Slogx — XlogS
= Slogx + Xlog5 — 50

= Slogx + Slogx — 50

{PLANCESS
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Foundation for Mathematics 5.15

= 2(5"%) = 50
= 5lex =25
= 5lex = 52
= logx =2
x = 10%4x = 100.
Example 6: If a, b, ¢ are three consecutive positive integers, then show that 2log b = log(1 + ac).

Sol: Let the three consecutive positive integers a, b, ¢ be of the form m — 1, m, m + 1 respectively,

thena=m-1,b=m,c=m+1
Now, taking log(1 + ac) =log [1 + (m - 1)(m + 1)] = log (1 + m* - 1) = log m*= 2 log m
Butb=m
= log(1 + ac) =2 logm = 2 log b
" 2log b =log(1 + ac)
Example 7: Find the value of

1 1 1
10G;003 1+§ +109; 03 1+§ + .. t10G; 003 1+m

Sol: | 3 | 4 | 2006
ol: 091003 E + 091003 E +..+ 091003 m

o (3,4 2005 2006
%1003| 33" 2004 2005

2006
1001005~ = 1091003 1003 =1

Example 8: Solve: log, log, log ;;log,(x-2006) = 0.
Sol: log, Iog\E log; (x—2006) = 4% -1

Iogﬁ log, (x—2006) =2

log, (x—2006) =(v/2)? =2

x — 2006 = 3?
x =2006 +9 =2015

Example 9: If loga _logb _ logc then find a*b®ce.
b-c c-a a-b'

Sol: Let loga :Iogb :Iogc _
b-c c-a a-b
loga=k(b-c)=kb-kc

log b =k(a-c) =ka-kc

k
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5.16 Surds and Logarithms

log c = k(a-b) =ka—kb

log a* = a log a = kab — kac (1)
log b* = b log b = kbc — kba .. (2)
log ¢ = ¢ log ¢ = kca — keb ...(3)

(1) +(@2)+(3)=0
log ja*b*c=0
a®h°c =10°=1.
2
Example 10: Evaluate: (—32)5.

2

2
Sol:  (-32)5 = [(—2) x (=2) % (=2) % (=2) x (-2)]5

2 5y 2
(2P P =275 [@=am]

=(-2)° = (-2)x(-2)= 4
5 1 7 2 9 _3
. = -5 .. 3 2
Example 11: Evaluate: (i) 54x(125)3 +(25) 2 (ii) (ﬁj X(EJ .
5 _1 5 1
Sol: (i) 5*x(125)3 +(25) 2 = 57 x(5x5x5)3 +(5x5) 2

- 54 x (53)2 +(52)_% 54y (5)3X§ +(5)2X(_2J

-4 5
=54 x(5)5 Gt = > X5 gD _g4+51_ 52 _5,5_ )5
5-1
2 _3 2 _3
.. 27 )3 9 )2 3x3x33)3 (3x3) 2
(i) | =—| x|= = «
125 25 5x5x5 5x5
3 —_

Example 12: If 1960 = 225 7¢  calculate the value of 272.7°.5°¢.

Sol: 1960 =2%5°.7¢ = 2°5°.7° = 1960

JDLANCESS‘D www.plancess.com
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Foundation for Mathematics 5.17

= 2250 7¢ — 2x2x2x5x7x7

=225°7° =2 x5 %77 (i)
Comparing powers of 2,5 and 7 on both sides of equation (i), we get
a=3
b=1
c=2
Hence value of:
1 1 7 7 7 7

272705 ¢ 237052 -~ y7x— = - _ -
23X X52 23«52  2x2x2x5x5 8x25 200

Example 13: Show that:

Sol: L.H.S= (a_rijm_n ){a_nlj"" X[a_lm]l_m
a a 3
= [amf(’”) Jmfn x [a“f(—l) ]”" N [au—m) }'fm
= [am*”}min X [an+lT7' o [a”me

— a(m+n)(mfn)x a(n+|)(nfl)X a(I+m)(lfm)

m2 n2 n2 I2 I2

2
g g g .:>[A2—32=(A+B)(A—B)}

m2—n? +n% —2 112 _m?
= a

=N a°

= LHS=1=RHS
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5.18 Surds and Logarithms

EXERCISE 1 = For School Examinations

True / False

Directions: Read the following statements and write your answer as true or false.

Q.1. (i) Iflogyx=a then10* =a (i) If x¥ =z theny =log,x  (iii) log, 8 =3 and log, 2 =%

Short Answer Questions

Directions: Give answer in two to three sentences.

Q.2. (i) loglxlog1000 =0 (11) =log x—logy
log 25 .
(iii) If oa S =log x, then x = 2 (iv)log x xlogy =log x —log y
og

Q.3.  Simplify:

2

() (8¢ 1257’ (i) (a+by ™ (a +b7)
L 5MP -6 x5 . RNET
W s @ (3¢) A
-2
Q.4.  Evaluate: (i) \/7+(0 01) 2 (27)3 (ii) (27] [%) L0

Q.5.  Simplify each of the following and express with positive index:

) {1 - {1 ~(1-n)" }_1 r

Long Answer Questions
Directions: Give answer in four to five sentences.

m-+n bn+| Cl—m =1

Q6. Ifa=x""yb=x""y" and c=x""y", prove that: a

Q.7.  Solve: (i) 8x2% +4x21 =14 2% (iD) (\/§)X‘3 _ (%)x+1

Q.8. Prove that:
@ a+b—c )(b b+c-a e c+a-b (b ) Xb c
01X X x =1 (ii) | — =1
x° x° x2 xP@=9 X
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Foundation for Mathematics 5.19

2
Q9. Ifa*=b’=c* and b? =ac, prove that: » IZZ

Q.10. If 5P =479 =20"; show that: 1 + 1 + 1 0.

P 9 r
n+1 9n+l

Q.11. Solve T (3n+1 )(nil)

75 5 32
Jd12. E i flog 2 and log 3: log—-2log=+log——
Q. xpress in terms of log 2 and log 3: log 16 og 9 g 13

Q.13. Express each of the following in a form free from logarithm:

(i) logV=2log 2-log 3+logn+3logr

(ii) log F=log G+logm, +logm, -2logd

Q.14. Evaluate each of the following without using tables:

(i) log,, 8 +log,, 25+ 2 log,, 4 -log,, 32 (ii) log4 +§Iog 125 —%Iog 32

15 25 4
Ja15. P hat: 2log=—=-log-—— +log— =log2.
Q.15. Prove that 0918 09162+ 099 og

Q.16. Find x, if: x—log48 +3log2 = %Iogl25—|ogB

Q.17. Solve for x: log(x+4)—log(x—4) =1
Q.18. If log;,2=x and log,,3 =y ; express cach of the following in terms of X" and y':

(i) log 12 (ihlog 2.25 (iii) |Og3%

Q.19. Iflog (a+b) =loga +logb, find a in terms of b.

a’ b? c?
Q.20. If I=log—,m=1log— and n=log—, find the value of | + m + n
bc ca ab

Q.21. If Iog% = %(Iog x+logy), show that x* +y? = 6xy

Q.22. Ifa? +b? =23ab, show that: Iog% = %(Ioga+|ogb)

Q.23. Solve foraand bifa>0andb > 0: logab = |og%+2|092 =2

Q.24. If log,(a+b) =log,(a—b) = |Iog§2 , find the values of a and b.
0g0.
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5.20 Surds and Logarithms

SOLUTIONS

EXERCISE 1 - For School Examinations

True / False

1. i) 10% = x Hence, False

(ii) log,x=y =z’ =x Hence, False

(i) 22 =8

W
w |

83 =2= (2x2x2)3 =2

1
3x=
2 3 =2 =2 =2Hence, True

Short Answer Questions

2.(i)) LHS loglxlog1000

=0x3 [log1=0 andlog 1000 = 3]
=0
.. Given statement that log 1 x log 1000 =0 is true.
(i) R.H.S
log x —log y
X m
=Iog; Iogam—loganzlogaF

~. Given statement that,

log x =log x—logy is false.
logy
(iii) Iog—25=Iogx
log 5
2
- log 5x5 loax — log 5 —logx
log 5 log 5
2log5 n_
= 105 =logx [Ioga m" =nlog, m}

= 2=logx = logx =2

~. Given statement is false.
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(iv) RH.S =logx —logy
= log xy
But LH.S = log x x logy

. Given statement that,

log x xlog y =log x —log y is false.

2 2 E
g 3 3 =y 33 2 2
3.(1) (8x3+125y3)3: 8T 1P _[2X 2x 2x B |f2X| T _[2x) _2x 2x _ AX
125y° S5y 5y Sy 5y S5y) 5y 5y 25y?

1 (1+lj 1 [1Xb+lxaj 1 (b+a)_ 1 (at+b)_1

(ii) @+byt@t+b™

“G@+b)la b) (@+b) ab " (a+b) ab  (a+b) ab  ab
(i) 5M3 _gx5ml  5Mlg2_gx5™l  gmlg2_ gy 5"sh(25-6) 5"5(19) 19
9x5"—5"x2?  9x5"-5"x4  5"(9-4) 5"(5) 5"(5)
-3 2 gxg 6
(iv) (3x2) x(x9)3=—1 XX 3:712 wxb =2 _1
(3X2 )3 37 (%) 27xx® 27

! P G 3 (e 1. 1 1
4. () J;+(o.01)2—(27)3= [EJ +{(01)') () - 3+ 0D -@F =5+ 7343

21,10 o _1x1+10x2-9x2 1+20-18 21-8 _3 .1
201 2 - 2 2 2 2

2 -2 2 -2
(ii) 27P (L) g0 [3x3x3p [l [a°=1J
8 4 2x2x2 2x2
2

2
9 1 .91 i 9 4,16, 1.9 16,7916 1
4 1111 4 1 4 4 1 1
—X—=X—=X—= —
2727272 16
_ 9-16x4+1x4 9-64+4 51
- 4 4 4
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5.22 Surds and Logarithms

Long Answer Questions

6. a=x™"yl 1)
b=x"ym™ (2)
c=x""y" (3)
L.H.S=a™"b™ ™ .. (4)

Putting the value of a,b,c from (n-1)(1), (2), (3) respectively in (4), we get
L.H.S = (Xm+n .yl )(m—n) .(Xn+l ‘ym )(n—l) ‘(Xl+m .yn )(I—m)

— (Xm+n )(m—n) (yl )(m—n) ‘(Xn+| )(n—l) (ym )(n—l) .(X|+m )(I—m) (yn )(I—m)

= (X)(m+n)(m—n)'(y)(l)(m—n).(X)(n+l)(n—l)‘(y)(m)(n—l).(X)(I+m)(l—m)'(y)(n)(l—m)

2.2 2P P

n

- )
=x" " X m

Im-nl . ,m-n—Im . nl-mn

y y y

2 2,2 2.2 .2 _ o _
= Xm n“+n“—“+1“—m .ylm nl+m—n—Im-+nl-mn

m2—n2n2_2 W m

=LHS =x

2 yIm—nl+m—n—|m+n|—mn

= x°.y° = 11=1=RHS

7.() 8x2%+4x2t =142
2
— 8x 2*) +Ax 2 x 2t =142

2
+8x2X=1+2%

2

= 8x(2) +2"(8-1)-1=0

(
:8><(2X)
:8><(2X)2+8><2X—2X—1:0

(%)

21 7x2°-1=0

:>8(2X
= 8x(y)?+7 x y—1=0 [Putting 2* = y]
=8y’ +7y-1=0

=8y’ +8y-1y-1=0
=8y(y+1)-1(y+1)=0

=(y+1)@8y-1)=0
=>y+1=0and8y-1=0

— 2¥+1=0and 8x2* -1 =O[Putting y = 2*]

=2=-1and 8x2* =1
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(i)

(i)

:2)‘:—1and2x:l
8
:>2X:—1and2X:i
53
=2=-1land 2" =2"

In first case, value of x is not possible and in second case, value of x=-3

(6 *-(s

1 x-3 1 x+1 1
d = = (x-3)
3{32J ={34J = 32 =34

1 1
:>E(x—3)—z(x+1)

l(><+1)

[If bases are equal, powers are equal]

(x=3) (x+1)

2 4

=

=4(x-3)=2(x+1) [Cross—multplying]
=A4Ax-12=2x+2=>4x—-2x=2+12

:>2x:14:>x:%:x:7

a a+b-c b b+c-a c ct+a-b
LHS. | X x x -1
x° x¢ X2

a+b—c b+c-a ct+a-b
_ (Xa—b ) (Xb—c ) (Xc—a )

=X

=x%=1=RHS.

C
Xa(b—c) . Xb ~ Xab—ac ;(Xb—a )c ~
Xb(a—c) NG Xab—bc

Xab—bc

Let a* =bY =c* =k
T 1 1
~a=kx,b=kY and c =k=

Now b? = ac

2

1 11 2 1
—+
X

L 101 1
=1kY | =kx xkz = kY =k* 2

Comparing, we get,

2 1 1 2 X+z
y X z y XZ

dPLANCESS
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a? +ab—ca—ab-bZ +bc sz +bc—ab-bc—c? +ca

= y(x+2z)=

X

ab-ac

2Xz

. ybc—ca

=X

ab—ca—ab+bc-bc+ca

? +ac—bc-ac—a%+ab _ Xa2 _b2_ca+bcrb? 2 —ab+catc®—a%—bcrab

=x"=1=RHS
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5.24 Surds and Logarithms
_ 2xz
B X+Z
10. Let 5P =479=20" =k, then

11.

12.

1
5P=k=5=k™

1

479 =k=4=k™

1

20" =k = 20 =k’
1 1 1

20 = 4x5 = | k-9xk P |=k'

Comparing, we get

-1 1 1 -1 11 1 1 1
e Z+=+==0
p q r P g r p q r
3n+1 9n+l

3n(0-1) ’ (3n+1 )(n—l)

3n+1 (n-1)
3n+1 3n+1 3(n+1)(n—1)
= X

3n(n—l) % 9n+l - 3n2_n (3X3)n+1
3ml 30n))-? L 3”2‘1
anfn x (321 B 3n27n x 32(n+1)
2
3n+l « 3n N _ 3n+1+n2—1—(n2—n)—(2n+2)
2 2n+2
3n°-n 3
3n+1+n2—1—n2 +n-2n-2 _ 3—2 — i — i _ l
32 3x3 9
log— -2log=+lo 32 _ ogE—Iog
g 9 g 43 16 9
=lo 7——Io §+I 32
916 Y81 %243
75
= IOg%-FIOg;ng . [Ioga % =log,m-log, n}
81

nnnnnnnnnnnnnnnnnn

[n log,m=log, m”}
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75 81 32
=log-—x—+log——
16 25 243

=lo ﬁﬂo 2
BRCETIMCPYE

243 32

= og?xi3 [Ioga mn =log, m+log, n]

=loglx2=1log2

13. (i) logV =2log 2-log 3+logn+3logr
= logV =log2? —log3 +logn +logr’
=logV =log4 +logn +logr® —log3

=logV =log(4xnxr’)—log3

4nr3

=logV =log 3

B 4qr3
3

=V

(ii) logF=logG+logm,; +logm, -2 logd

=logF=log (Gxm, xm,)-log d?

Gm.m
= logF=log d12 2
- Gmym,
d2
SF=Gl2
d2

14. (i) log,,8+log,,25+2log,,4-log,,32
=log,, 8 +log,, 25 +log,, 4? —log,,32 [Ioga m" =nlog, m}
=log,, 8 +log,, 25 +log,,16 —log,, 32

=log,;,8 x 25 x 16 -log,, 32 [Ioga Imn =log, I+log, m+ log, n]
=log,,3200-log,,32
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5.26 Surds and Logarithms

3200 m
=log,, ETH log, P log,m=log,n
=log,,100 =log,,10° = 2log,,10 = 2
1 1 . . n
(ii) Iog4+§log 125 —glog 32 =log4 +log (125)3 —log (32)° . ['09a m" =nlog, m}
=log4 +log5-log2
=log(4x5)—-log2 . [Ioga mn =log, m+log, n}

=log20-log2
20 m
:Iog?. Iogaﬁzlogam—logan
=log10=1
15 25 4
15. LHS.:2log—-log—+log—
> g18 g162 g9
2
3 15 25 4 n_
_Iog{EJ —Iogﬁﬂogg [Iogam _nlogamJ

=lo 1—5><1—5+Io i—Io 2—5
97818 "' %99 912

15 154I 25

=log—x—x—-log——

91871879 Y162

15 15 4

1871879 m
:IOQT IogaF:Iogam—Ioga n}

162

15 15 4 162 3 3 4 18
=log—x—x—x—=log—Xx—x—x—

18 18 9 25 18 18 1 1

11 72
=log=x=x72=log— =log2 =RHS
966" 936 ~°
16. x—Iog48+3IogZ=%I09125—Iog3

=>X= %IongS —log3+log48-3log2
1

= x =log(125)3 —log3+log48 —log2?

[Ioga m" =nlog, m}

= x=log5-log3+log48 -log8
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= x =(log5+1og48)—(log3 +1og8)
= x=log5x48 -log3x8
[Ioga mn =log, m+log, n]

5x48

=x=lo
9 3x8

{Ioga % =log,m-log, n}

:x:logﬁ:x:logSX2:>x:loglo
3x1
=x=1 [~-loglo=1]

17. log(x+4)—log(x—4)=1
=log,,(x+4)-log,,(x-4)=1

(x+4)

m
= log,, =4 =1 {Ioga m-log,n=log, F}

= Iogm%:lzlog10 10
(x+4)
(x—4)

= (x+4)=10x-40

=x-10x=-40-4
= -9x=-44

10

:>9x:44:>x:%

18. (i) log 12 =log2x2x3=log2®x3
=log2® + Iog3[|oga m" =log, m+log, n}
=2log2+ Iog?{loga m" =nlog, m}
=2log,,2+log,, 3
=2x+y [Putting log,q 2 =x,l0g9,,3 = y]
=2X+Yy

225 25x9
ii) log2.25 =log—=lo
(i) log 2.25 =log o5 =log-- 2

2
= Iog% = Iog(%} = 2Iog% = 2[log3-log2?] = 2[log,, 3 -log,, 2] = 2[y—x]
[Putting log,q3=Yy.l09,,2 = x]

=2y —2X

(iii) lo 31—Io E—Io Exi
925 =097 T %% gy

{PLANCESSGD www.plancess.com

nnnnnnnnnnnnnnnnnnnnn



5.28 Surds and Logarithms

100 100 5
= |Oglo 3—2 = |Oglo m = |0910 2—5 = |OglO 100 - IoglO 2

[Ioga % =log,m-log, n}

=2-5log,,

=2-5x [Putting log,,2 = x]
19. log (a + b) =loga + log b

= log(a+b) =log ab

[log,mn =log,m+log,n]

= at+b=ab=a-ab=-b
= -ab+a=-b=-ab-1)=-b

:>a(b—1):b:>a:L
b-1
2 2 2
20. I:Ioga—,mzlogb— andn:IogC—
bc ca ab
a2 2 2
[+m+n=log—+log—+log—
bc ca ab
a’> b
:IogaxaxE [Iogalmn:Iogal+logam+loga n]
=lo M:Io 1=lo 1><E:>Io 10
ga2b2c2 9 g 10 910
m
=log10-1logl0 {Ioga—:logam—loga n}
n
=1-1=0
21, logX=Y :l(log x+logy) = 1(Iog xy) =log(xy)"’?
2 2 2
Xy 1/2
=(x
5 =09
Squaring both sides

X y 2 1 2
=y _ 2
( 2 j [(xy)]

2 2
jwzxy

= X2 +y? = 2xy = 4xy
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:>x2+y2 =4xy + 2xy

= x? +y? =6xy

22.  a’+b’=23ab
a’ +b% +2ab = 23ab +2ab

(Adding 2ab both sides)
a’ +b? +2ab = 25ab
= (a + b)2 =25ab

(a + b)2
=7 —ab
25
2
= {ﬂj =ab
5
Taking log both sides,
b 2
Iog[%j =logab

:2Iog¥:logab
a+b 1
log—— ==logab
=095 =599

= Iog% = %(Ioga+|ogb)

23. a>0,|ogab=|og%+2|ogZ=2

(flogab =2 =2x1=2logl0 =log10? =log100

-.ab =100

(ii)IogE+2IogZ =2

Iog%+|ogZ2 =1log100
(1og100 = 2)
Iog%JrIogz2 =log100

= Iog% =log100

ﬁ=1OO
b

4a=100b=>a=25b ...

dPLANCESS
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From (i) 25b.b =100
— 25b% =100 = b? = 4 = (+2)?

=>b=2 (-b>0)

.'.a><2:100:>a:¥:50

Hence a=50,b =2

log25
log0.2

24, log, (x+y) =log;(x—y) =

2
Now log25 log5°  2log5 2

= = =< -2
l0g0.2 |og5t logs5?t -1
Now log,(a+b) =-2
:>2‘2:a+b:>a+b:i:l .............. 0)
22 4
andlog,(a-b)=-2=3? =a-b
1 1 .
:>a—b:3—2:§ ................ (i)

Adding (i) and (ii)
21 1 9+4 13

2a=—+—=

4 9 36 36
o 13 13

S 36x2 72

and subtracting (ii) from (i), we get

_1 1 .9-4_ 5
4 9 36 36
bo—> =2
36x2 72
13 5

sLa=—andb=—
72 72

2b
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